Abstract. Let k be a function field over a finite field F of characteristic p and order q, and ℓ a prime not equal to p. Let K = kF ℓ ∞ be obtained from k by taking the maximal ℓ-extension of the constant field. If M is an unramified ℓ-adic analytic ℓ-extension of k, and M does not contain K, must M be a finite extension of k? The answer is, in general, "no", but for some k the answer is "yes". We attempt to estimate the proportion of k with each answer.
Introduction
In the paper [3] , the following conjecture, due to Fontaine and Mazur, is discussed:
Conjecture 1 (Fontaine-Mazur). Let k be a number field and ℓ any prime. If M is an unramified ℓ-adic analytic ℓ-extension of k, then M is a finite extension of k. and the following question is asked: Question 1. Let k be a function field over a finite field F of characteristic p and order q, and ℓ a prime not equal to p. Let K = kF ℓ ∞ be obtained from k by taking the maximal ℓ-extension of the constant field. If M is an unramified ℓ-adic analytic ℓ-extension of k, and M does not contain K, must M be a finite extension of k?
Some cases of each of these was proved, although it was observed that in general the answer to Question 1 is no, with examples due to Ihara ([4] ) and to Frey, Kani, and Völklein ( [2] ). This paper will attempt to quantify in some way the proportion of fields k for which Question 1 has a "no" answer.
Proportions relating to class number
The first case of Question 1 which was proved in [3] was the following: Theorem 1 (Theorem 2 of [3] ). Let k 0 be a function field over a finite field of characteristic p, and let k be a constant field extension. Let ℓ be a prime not equal to p. If ℓ does not divide the class number of k 0 , then any everywhere unramified powerful ( a fortiori uniform) pro-ℓ extension of k, Galois over k 0 , with no constant field extension, is finite.
We have chosen the following way to address the somewhat ill-defined question of how many function fields fall under the purview of Theorem 1. Fix distinct primes p and ℓ. For each r, let F p r be the finite field with p r elements. Then function fields k 0 with constant field exactly F p r correspond one-to-one to smooth curves defined over F p r , and to each such curve we associate its Jacobian, which is an abelian variety over F p r . For each genus of curve g, there are finitely many isogeny classes of such abelian varieties. Fields corresponding to varieties in the same isogeny class have the same zeta function and the same class number; fields with this property are called arithmetically equivalent.
If we let d r,g be the fraction of such arithmetic equivalency classes with genus g for which ℓ does not divide the class number, then we conjecture that for every g,
and for every r,
Unfortunately, there is no known categorization of which isogeny classes of abelian varieties contain the Jacobian of some curve (although it is known that every abelian variety is the quotient of a Jacobian -see [5] ) so we have not been able to prove this conjecture. However, we can prove something analogous for isogeny classes of abelian varieties. To each isogeny class one can associate a unique polynomial P (T ) which is the characteristic polynomial for the action of Frobenius and the reciprocal of the numerator of the zeta function of any variety in the isogeny class. If the isogeny class contains the Jacobian of a curve, then P (1) is equal to the class number of the function field of the curve. Let d ′ r,g be the fraction of isogeny classes for which ℓ does not divide P (1). Then
Lattices
The proof relies on the method of counting abelian varieties introduced by DiPippo and Howe in [1] . Let q = p r and I(q, g) be the number of isogeny classes of g-dimensional abelian varieties over F q . By the work of Tate and Honda, two abelian varieties are isogenous if and only if they have the same zeta function. Thus to each isogeny class one can associate a unique polynomial P (T ) (the Weil polynomial or Weil q-polynomial ) which is the characteristic polynomial for the action of Frobenius and the reciprocal of the numerator of the zeta function of any abelian variety in the isogeny class. Write
Then P (T ) has the property that |α j | = q 1/2 , and the real roots, if any, have even multiplicity. If we write
and let Q(T ) = P ( √ qT )/q g , then P (T ) is associated with another polynomial
Let V g be the set of vectors b = (b 1 , . . . , b g ) in R g such that all of the complex roots of Q(T ) lie on the unit circle and all real roots occur with even multiplicity. Let e 1 , . . . , e g be the standard basis vectors of R g and let Λ q be the lattice generated by the vectors q −i/2 e i . DiPippo and Howe explain that if P (T ) is the Weil polynomial of an isogeny class then the coefficients a i are such that
Further, if we let Λ ′ q be the lattice generated by the vectors q −1/2 e 1 , . . . , q −(g−1)/2 e g−1 and pq −g/2 e g , then all of the polynomials P (T ) with coefficients a i are such that ( ]). Let n > 0 be an integer and let Λ ⊆ R n be a rectilinear lattice (possibly shifted) with mesh d at most 1. Then we have
for some explicit constants c 1 and c 3 (which we will not give here).
Let v n be the volume of V n ; Proposition 2.2.1 of [1] calculates it explicitly but we will not need that here. Let r(q) = 1 − 1/p. The lattice Λ q has covolume q −g(g+1)/4
and mesh q −1/2 . The lattice Λ ′ q has covolume pq −g(g+1)/4 , and it has mesh q −1/2 unless g = 2 and q = p, in which case it has mesh 1. It is then an easy consequence of the proposition that
where c 2 = c 3 (1 + 1/ √ 2). Now let I ℓ (q, g) be the number of isogeny classes of g-dimensional abelian varieties over F q such that ℓ divides P (1). Using the above notation we have
where I m1,... ,mg (q, g) is the number of isogeny classes of g-dimensional abelian varieties over F q such that a i ≡ m i modulo ℓ. There are exactly ℓ g−1 terms on the right hand side of this expression. Now let Λ m1,... ,mg be the lattice generated by the vectors ℓq and it has mesh ℓq −1/2 unless g = 2 and q = p, in which case it has mesh ℓ. Assuming that q is large compared to ℓ, we can then prove:
and thus:
Combining this with our earlier result, we get
Thus we have:
from which Theorem 2 follows immediately.
Proportions relating to other invariants
Other cases of Question 1 were addressed in Section 4 of [3] . It turns out to be easiest to count the polynomials corresponding to a case that is more general than Theorems 4.2 and 4.7 of [3] , but which can be proved using the same techniques and the full strength of Corollary 4.1.1 of [3] . Theorem 4. Let k 0 be a function field over a finite field of characteristic p, and let k be a constant field extension. Let ℓ be a prime not equal to p. Let P (T ) be the Weil polynomial of the Jacobian of the curve associated with k 0 , as above. Suppose that the distinct roots of P (T ) modulo ℓ (possibly in some extension of Z/ℓZ) consist of λ 0 , λ 1 , . . . , λ n such that for all i = j, λ i λ j = 1. Suppose further that if any λ i = 1, λ i is at most a double root of P (T ) modulo ℓ, and if any λ i = −1, λ i is only a simple root of P (T ) modulo ℓ. Then there are no unramified infinite powerful pro-ℓ extensions of k n , Galois over k 0 , with no constant field extension.
As before, we can express the conditions of this theorem as conditions on the coefficients of P (T ) modulo ℓ. The condition that none of the roots be reciprocals modulo ℓ is equivalent to P (T ) having no factors which are symmetric modulo ℓ, with the possible exception of T + 1. The condition on λ i = 1 implies that T − 1 occurs at most twice in the polynomial and the condition on λ i = −1 implies that T + 1 occurs at most once.
We will call any polynomial which can be written in the form (1) a q-polynomial, even if it does not correspond to some variety. Thus we want to count the number of q-polynomials modulo ℓ of degree 2n which have no symmetric factors ("symmetryfree") modulo ℓ, and which have no factors of (T − 1) 3 or (T + 1) 2 . In fact, we have already counted the polynomials with no factors of (T − 1) in Theorem 2, so we will now attempt to count polynomials that are exactly divided by (T − 1) or (T − 1)
2 and are subject to the other conditions. We should first point out that if ord ℓ q = 1, so q ≡ 1 modulo ℓ, then all qpolynomials are symmetric modulo ℓ so none of them are symmetry-free modulo ℓ. Thus we will not consider this case.
Let S(2n) be the set of q-polynomials modulo ℓ of degree 2n fitting our conditions. Let S 0 (2n) be the set of all q-polynomials modulo ℓ of degree 2n, let S 1 (2n) be the set of q-polynomials modulo ℓ of degree 2n which are symmetry-free,let S 2 (2n) be the set of q-polynomials modulo ℓ of degree 2n which are symmetric, and let S 3 (2n) be the set of symmetric polynomials (T − α i ) of degree 2n such that (T − q/α i ) is symmetry-free. Then we want to count the polynomials
where P 0 (T ) is not of the form
Let s(2n), s 0 (2n), s 1 (2n), s 2 (2n), and s 3 (2n) be the cardinalities of S(2n), S 0 (2n), S 1 (2n), S 2 (2n), and S 3 (2n), respectively. Then
Clearly we have s 0 (2n) = ℓ n and s 1 (2n), s 3 (2n) ≤ ℓ n . From looking at (1) it is clear that P (T ) is symmetric if and only if q n ≡ 1 modulo ℓ and for each i, either a i = 0 or q i ≡ 1 modulo ℓ, that is, ord ℓ q | n and for each i, either a i = 0 or ord ℓ q | i. Thus
It should be noted that these functions really only count factors of P (T ) as they appear as complex conjugate pairs; the only effect of this is that a factor of x + 1 (with multiplicity 1) will not be counted as symmetric, which is all right with us! We now see that
if ord ℓ q = 2 and
if ord ℓ q > 2. In either case the bound is positive when ℓ ≥ 11. Also we have a bound uniform in ℓ and q, namely
whenever ℓ ≥ 11 and ord ℓ q = 1. Now we can follow the same argument as we did for Theorem 2. For fixed p and ℓ, let e r,g be the fraction of arithmetic equivalency classes of function fields with constant field exactly F p r = F q and genus g such that Theorem 4 applies. Let e ′ r,g be the fraction of isogeny classes of g-dimensional abelian varieties over F p r for which the conditions on P (T ) in Theorem 4 apply. Finally, let J ℓ (q, g) = e ′ r,g I(q, g) be the number of such isogeny classes. (Note that I ℓ (q, g) counted the number of classes for which Theorem 1 did not apply, while J ℓ (q, g) counts the number of classes for which Theorem 4 does apply.) Then
where the sum is taken over tuples (m 1 , . . . , m g ) such that (T 2g + q g ) + m 1 (T 2g−1 + q g−1 T ) + · · ·+ m g−1 (T g+1 + qT g−1 ) + m g T g is a square-free, symmetry-free polynomial modulo ℓ. Now there are s(2g) terms on the right hand side of this expression, and so our bounds on I m1,... ,mg (q, g) and I(q, g) give us v g r(q)q g(g+1)/4 ℓ −g s(2g) − 6 (1 − ℓ −1/2 ) 3 if the limit is taken over r such that p r ≡ 1 modulo ℓ.
We conjecture that the same is true for e(r, g). For ℓ = 2, Theorem 4 cannot be applied, since in that case q must be congruent to 1 modulo ℓ. For ℓ = 3, 5, and 7 it is not clear whether the infimum limit of e ′ (r, g) can be uniformly bounded away from zero in the same fashion.
